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OIITUMATHO PA3ITIPENE/IEHUE HA PECYPC ITO KOHTYPA
HA OBJIACT HA IBYMEPHO BPAYHOBO JIBIVKEHME

Ho6pomup Kpamues

Pezrome: Pasrnessa ce BepoATHOCTTA 3a YCIGUIHO IpeXBalllaHe Ha OpayHOBO ABHKEHHE BBPXY KOHTYpa
Ha paBHWHHA OGNacT. BepoATHOCTTAa € TpeAcTaBeHa KaTo (QYHKIMOHAN OT pasTpefeNeHHeTo Ha Pecype
[0 KOHTypa Ha obnacTra. HaMepeHo e OoNTHMATHOTO pazlIpefelcHHe Ha pecypca.

Kmouorn aymu: OpayHOBO OBIDKCHNE, OTTHMI3AIL.

OPTIMAL DISTRIBUTION OF A RESOURCE OVER THE BOUNDARY
OF A REGION OF A TWO-DIMENSIONAL BROWNIAN MOTION

Dobromir Kralchev

Abstract: The probability of successfully intercepting a Brownian motion on the boundary of a plane region
has been investigated. The probability has been represented as a functional of the distribution of a resource
over the boundary of the region. The optimal distribution of the resource has been found.

Kevwords: Brownian motion, optimization.

BbBE/IEHHE
PazrnexamMe orpanndeHa e HOCBEp3aHa obmacT /D C R? ¢ koHTYp 8. Hexa D =D wéb
e 3aTBOpeHaTa oOBMBKa Ha D. B Touka (xo, yo)eﬁ ce nosiBsipa OOSKT W 3allovBa Ja Ce JBUKHU

u3 oOmactra D mo ciydaen Hauud. HMznuzaneTo My H3BBH L) € CBBP3aHO ¢ HSKAKBA OIACHOCT
U ce Hamara ga OBpJe NpeToTBpaTeHO. 3a LelTa BBPXY KOHTYpa Ha [ e pasMoNIolKeHa 3allHTa,
KOSITO TpsIOBa J1a npexBaHe o0eKTa B MOMEHTA, B KOWTO TOH AocTurHe 0D . PecypcuTe Ha 3amlHTATA
YecTO ca OTPAHWYCHM, 3aTOBA BBH3HMKBA 3a/1aYaTa 3a ONTHMAIHOTO MM pasfpe/elsHe o KOHTYpa.
Ilpennonarame, ye pasnpele/leHUSTO HA PeCYpPCHTe 110 KOHTYPa He Cé MeHH ¢ TeUeHHe HA BpeMeTo.
ToBa UBHCKBaHE BL3HUKBA OMIJIO OT €CTECTBOTO HA B3aUMOJSHCTBHETO MEXKTY 00CKTAa W 3alIHTATA,
OHII0 OT MAJIKATA I'EBKABOCT HA 3AIIHTATA.

HaHpHMep D mosxe Ja © HAKaKBa MCCTHOCT, a TOUKaTa (JCO, yO) Ja € MaJlbK paﬁOH, KBACTO

ce e IOSIBHIIA SIHISMUsSl WIH € 3al0YHaJl [OKAp, H/IH 30010 ¢ BBh3HHKHAJIO HEKeJIAHO sIB/ISHHE,
KOeTO MMa CBOMCTROTO Ja ce pasnpocTpansea. [{enTa Ha 3amuTaTa ¢ orpaHHYaBaHe Ha OTIACHOCTTA
B paMKHTe Ha [, MjeallHHAT BapHaHT e paslpele/IeHHeTO HAa PEeCYpCHTe Ja ¢€ MeHH cropel
MPOMEHUTE B CHUTYaIMsATa, HO TOBA YeCTO € HeBB3MOKHO (HamlpuMep TpH JIMMca Ha HH(pOpMaIms)
HJTM CTaBa ToJIKOBa GaBHO, e pasnpe/elicHHeTO MOXKE Ja ce CMsITa 3a TTOCTOSHHO.
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B sacTpaxoBaTelHOTO JIel0 € BAKHO CHCTOSHHETO HA HSKOE 3aCTPAXOBAHO JIMIE HIH Bell.
CBCTOSHHETO Ce CXBAllla B HAH-MMHPOK CMUCHT: 3PABOCIOBHO ChCTOAHHE, Mpod)ecHs Ha JIHIETO,
HaUWH Ha yrnoTpeGa Ha pemTa | JIp. (CHCTOSHHETO MOJKe JIa ce Mpe/ICTaRs ¢ MoBeYue KOOp/IHHATH,
HO 32 yI00CTBO pasrielkaaMe IBYMEpHUS ciyuail.) OT IpakTHKATA 3HAeM, e ChCTOSHHETO & 1o0po
CaMo B HSKaKBa OTpaHHYeHA 00NACT (,,3JaTHATA cpelia’), H3IH3aHeTO OT KOSITO MOXKe J]a ¢& ThJIKYBA
KATO HACTBIIBAHE HA 3aCTPAXOBATeIHO CHOHMTHE. TOUKHTE OT KOHTypa Ha 00JacTTa CHOTBETCTBAT
Ha pazlIMYHUTE PHCKOBE, MOKPHTH OT 3acTpaxoBKaTa. PecypcHTe Ha 3aliuTata ce pasnpeseiiar
ChC 3ACTPAXOBATEIHHS IOTOBOP, KOWTO HEe MOMKE Ja ¢& TIPOMEHS, Clie/T KaTo Obh/ie CKITIOUCH.

MATEMATHYECKH MO/JEJI
Jemxenueto B obnmactra [ decto e NH(Y3HOHHO M 3aBHCH OT TolsMm Opoii daktopu.
[Moaxomdam Moaesl Ha TAaKHBA MpoIecH € OpayHOBOTO JBH:KeHHe. llo-HaTaThK Hpexprosarame, e

B obnacrra 2 ce H3BbLpPIIBA 6payHOB0 JABHKCHHC (BI) Oes IIPEHOC, ¢ HE3ABHCHMH KOMITOHCHTH

t=0
C papHH Koe()HIHEHTH Ha Judysus, B,= (xo, yo). Heka 7 € MOMEHTHT Ha I'bPBOTO JOCTHI'AHE

HA KOHTYpa 0D OT JABHIKCHHUCTO (Bz) t»o> Br€0D e TouKaTa Ha IBPBOTO JOCTHIAHE HA KOHTYpA.

3amuTaTa pasmosara ¢ HAKAKBE pecypc, paslpesesieH Mo KOHTypa Ha [0 HeNpeKbCHATO,
¢ WIbTHOCT [ 100D —> [0;+oo], T.€. KOJMUYECTBOTO pecype BbpXY Kos Ja e jibra L. oT 0D e paBHO Ha

KPHBOJIMHEWHUA HHTETPAT OT IIBPBH POJT j fds. Axo obnioto kosnmmuecTBo € /> 0, TO 95 fds=h.
I oD
B Momenra 7 3amurata B T.5; OHBa IpeofossiHA WIH YCISMHO OTONBCKBA OIACHOCTTA.

BeposTHoCTTa Ha BTOpOTO chOHMTHe ¢ (QyHKIHA ¢ :00 —> [0; 1]; OT TIPaKTHYECKH ChOOpaKeHUs
e SICHO, Ue Ts pacTe ¢ yBellHUaBaHEeTO Ha IIBTHOCTTA. Ta3u pyHKITHS MOKe Jla ce u3bepe pasiHdHo,
HaTlpUMep qo(x, y) = l—exp(—f(x, y)) TOECT f(x, y) = —ln(l—ga(x, y)) [Tpeamonara ce, 4e
(pVHKITUHTE [ U @ ca HEeMPeKbhCHATH.

B poasita Ha HavanHA TOYKA (xo, yo) MOKe Ja Ce B3eMe INPOH3BOJIHA TOYKA (x, y)eﬁ.

ITonarame u(x, y) = E yqp(Br); TOBA € BEepOATHOCTTA 3a VCIeX [IPH HAYajlHAa TOYKA (x, y).

IIpn ¢ukcHpana Havanana ToUka (x, y) = (xo, J’o) BepOSITHOCTTA u(xo, J’o) e ¢pyukunonan ot f .
Thpcwu ce OHa3H MIBTHOCT [, 3a KOATO (PYHKITHOHATHT u(xo, J’o) JOCTHTA HA-ToJsIMa CTOHHOCT,
TIPH YCIIOBHE e @) fds=h.

éD

DOPMYIJIA 3A BEPOATHOCTTA 3A YCIEX
OYHKIHATA % (x, y) VAOBRJETROPSBA CIISJTHATE YCJIOBHA (BK. Hanp. [1], rnaea 13):

Lu=0 8D
u=@ BBPXY 00,

KBJIeT0 L e MopaxTanmusar omepaTop Ha (Bl)t>0' OT H3HCKBAHWATA KBM IMpoleca (Bz)

t=0°
ot

[IOCTABCHH B MOJC]IA 1I0-Trope, CJielBd, 4c L ¢ IIpOIIOPHHOHAJICH Ha JIallJIaCHAaHa A=—2+—2.
ax® Oy

Kato CBKpaTHM KOG(I)HI_[HGHTE[ Ha MpOoMOPIHHOHAITHOCT, MOJIYYaBaMe 3ajlayaTa Ha I[HpHX.He

Au=0 BD

(D
U= BBPXY 00
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Coopen TeopeMaTa Ha Puman 3a koHbopMHHUTE H300paKeHHs CHIISCTBYBA KOH(OPMHO
¥ B3aMMHO &QHO3HAUHO H300parkeHHe Ha oOmacTra D BBPXY OTBOpPSHHS eIWHHMYSH Kpbr. Heka

=% (x, )
- @)
y=7y(x )

¢ TPOIBDKCHUE HA CIIOMEHATOTO M300paKeHHe BBHPXY D)) ¢ JPYTH OVMH, B3AHMHO ¢IHO3HAYHO
H KOH(DOPMHO H300paskeHHe HAa [ BBPXY 3aTBOPSHUS ¢TUHHYCH KPEI.

[Monarame u(x, y) = ﬁ(%, y), go(x, y) = @(%, y). Hzeectho e (mamp. [2], mexiust 47),
e BCsika KOH(opMHA CMsIHA Ha MPOMEHJIMBHTE zamazea omeparopa Ha Jlammac. Taka ce momyqasa
BBTpEIIIHA 3a/1aUa Ha J{HPHXIIC 3a e THHHYHHS KPBI:

Au =0 B OTBOpEeHHS €JJHHHYESH KPBI

3

o~

U= BBpXY €/IHHHYHATA OKPBXKHOCT.

Pemennero Ha Tazm 3ajlada, moJIyyeHo ¢ (l)yHK]_[HHTa Ha rpHﬁH H 3aITHCAaHO B NTOJIAPDHH KOOP/HHATH,

TOSCT X =p.cosy. y =p.siny, EZ(J?, )7) = ;(p,t‘u), @(%, }) = ¢(w). mrieK Taka:

=

_1-p T (0)
dg, 0< I, —n< : 4
(p W 2z 'Ll+p —2pcos(9 y/) P TEYEE “

Tasu dopmyna naBa B ABeH BHI pelIeHMeTO Ha 2amauata (3), OTKBASTO ¢& MOJIYUaBA PEHICHUETO
Ha OpUrHHaTHAaTa 3a7a4a (1), kKaTo ce oTUeTaT U3BbPIISHHATE CMSHH HA TIPOMEHIIMBUTE.

PEHIEHHE HA OIITHMH3SAITMOHHATA 3AJTAYA
Hagena e mpou3BoiHa, Ho GpUKCHpaHa JOIMYCTHMA TOUKa (x, y). Lenta e ga ce MakCHMHU3Hpa

BEPOSITHOCTTA u(x, y) upes u3bop Ha MOAXO/AMA IUTETHOCT f HA parlpeesieHHeTo Ha pecypca.

o~

Tasu 3ajJa4ya € paBHOCHIIHA HAa MAKCHMH3HPAHETO Ha U (p, l//) Upe3 MoJAXOHAI H360p Ha Eé
- h,

B yciopHeTO 3a OTpaHHUCHOCT Ha pecypca (j) fds = h, Toect Cj) In{1- go(x, y)) ds =
ap D
H3BBpIIBaMe KOH(POPMHATA CMSIHA Ha MPOMSHIHBH (2) H OTUYHTAHKH ycaoBuaTa Ha Komu — Pumam,

3aIIECBAME OTPAHMYCHHETO Ha Pecypea BLB BHA (ﬁ ln(l— ’qﬁ(%, })) J(%, }) ds = —h;
¥ 4y =1
Tyk J e akoGHanbT Ha o6paTHOTO NpeoOpasysanue. IlapaMeTpH3HpaMe elMHHUYHATA OKPBKHOCT:

X =cost
—n<f<m,

2

y=sind

nomarame g(6) = J J(cos @, sin #) u ycJI0BHETO 3a OrPaHHUCHOCT HA PeCypCHTE JOOHBA BHIA
TE

J ¢(0).10(1-3(0))a0 = —n. )
-

U Taka, magenu ca aucaa A >0, pe[0]), we|-r, 7)) u 2n-nepuoguuna Gyukmms g = 0,
3apHcema camMo oT . TopcH ce 2m-mepHoguuHa (QYHKITHS %:R%[O; 1], 34 KOATO %(p, q/),

sajiafieHa ¢ gopmyia (4), JoCTUTa MaKCUMYM TIpH ycloBHeTo (5) 3a obImoTo KOJIHYECTBO pecype.

9
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Tora ¢ HM30mepHMeTpHTHA 3a/1ava, KOSITO MoxkKe Ja ObAe peleHa Mocpe/ICTBOM METOAHTe
Ha BAPHAIIHOHHOTO cMsATane. HemspecTnata GyHKIHS @ yIOBIETBOpsiBa ypaBHeHHeTo Ha Olinep

( ?(0)
3a PYHKITHOHATIA
'[I 1+p2—2p.cos(9—w)
1 _ 2g(9)
1+ p* —2p.cos (6 — ) 1_25(9)

+ﬂb.g(t9).h1(l—$(t9)) dd, ToecT

KBACTO A e MHoxuTed Ha Jlarpamk. PemmenneTo Ha ToBa ypaBHeHHE & (DYHKITHTA

%(6) = 1—&.g(9).[1+p2—2p.cos(9—1//)], (6)

a KaTo 3aMecTHM (6) B (5), modydaBaMe 3a A YpaBHSHHETO
T
j g (6’).]11 {i.g(@).[l+p2 —2p.cos (9 - t//)]} dg = —h,
-7
KOeTO ce Tipeodpasyea 1o

(lnl).fg(ﬁ)dﬁ + jfg(@).ln{g(ﬁ).[1+p2—2p.cos(9—yj)}} 6 = —h,

—n

OTKBACTO HAMHUpaMe

-h- fg(t?).ln{g (6’).[1+p2 —2p.cos(6’— y/)}} do
A = exp -z - : (7
[ g(o)as

QopmymTe (6) u (7) JaBaT pelieHHSTO Ha 3ajlavaTa 3a MaKCHMH3HpaHeTO Ha (pyHKIHOHATA
oT dopmyia (4) npu ycnoereTo (3) 3a orpaHHYeHOCT Ha pecypca. Kato ce oTdeTar H3pBpIIeHHTE
CMEHH Ha TIPOMEHIUBHTE, CE TMTONYYaBa ONITHMATHATA TUTHTHOCT.

SAKJIIOYEHHE

Cnen 3aMmecTBaHeTOo Ha (7) B (0), KOeTo TpoIyckaMe caMo ¢ Tell YeTHMOCT, ce ToydaBa
siBHa (opMyJia 3a ONTHMH3ALHOHHATA 3a7ada 3a [IpeXBalllaHe Ha JIByMepHO OpayHOBO JBHKSHHE
10 KOHTYpa Ha papHHHHA obnact. Taka moayuenaTa opmyiia ce oTHacsi obade 3a 0OMOTO penieHHe
Ha OMITHMH3AMHOHHATA 3a7a4a. [IpH Besko mpuimarade Ha obmiaTta gopMyna KbM KOHKPETHH JIAaHHH
MOTAT Ja Bb3HHKHAT 3aTPYJHEHH, UHSTO pellapaHe OOMKHOBEHO HRHCKBA AHAJIM3 HA JaHHUTE.

Ha nepBo MACTO, He CHIECTBYRBA YHUBEPCAJIEH METO/l 32 HAMHUpAHE HA B3aHMHO &JIHOZHAYHO
u KoH(pOpMHO H300paKeHHe Ha OTPAHMYSHA ¢THOCBHP3aHa paBHHHHA 00JAcT B ¢ THHUTHUSA KPBT.
Jluncata Ha TakbE MeTo[ o0aue He INPeJCTABIIIBA CBINECTBEHA TPYIHOCT, THH KaTO ¢& BBAIILIBA
OT H3BECTHHTE pellleHHd Ha MHOKeCTBO YacTHH ciydau. [{utupanarta jmexius 47 or [2] mokazea
IpUMEpPH 3a HaMHpaHe Ha KOH(QOpMHHN W300paKeHUS B HAKOH THITHYHH CTyTaW, a 3a H3USPIaTeTHO
pasriekJaHe Ha TeMaTa Ipelpama YHTATENsI KbM CHpAaBOYHHIM 3a KOH(GOpMHH H300paskeHHd H
MOCOYBA HAKOH TAKMBA CMPABOTHUIINA. B NEHCTBHTEITHOCT MOCTHIIKOBOTO CTI00ABaHE HA ThPCEHOTO
n300paKeHHe OT MO-MPOCTH W300paKeHHs, BCAKO OT KOHTO OTPOCTSBA TpaHHIATa Ha oOnacTTa,
€ H3BeCTeH MeTo/[, KOHTO, IIPH BCe Ue U3HCKBA JOCeIIaHe, € JISCEeH 3a [IPUJlaraHe | JJOPH € 3aJlerHai
B YHUBEPCHTETCKHTE KYPCOBE 110 KOMIUICKCEH aHATH3 (TeOpHs Ha aHATTUTHIHUTE (DYHKITHH).

10
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IIpecMaTaHeTO Ha OTpeAeNicHHTE HHTETPaNH B (6) H (7) CBHIO MOXKe Aa HOPOIH TPYAHOCTH.
[IppMHTHBHHATE HA MOJHHTCIPATHHTE (DYHKIHH YeCTO ¢a CICIHAIHH, a He JICMeHTAPHH (DYHKITHH.
MHOKECTBOTO CTIPABOYHHUITH 32 CMIENHAIHH (YHKITHH, ONpeeNeHH W HeolpeAeaeHH HHTeTpaTn
o0JeKuapaT 3HATUTEIHO NpecMITaHUATa. OT MIPHIOKHA IJIeTHA TOUKA TeCTO ce OKa3Ba JOCTAaTHUHO
Jla ce HaMepH NpHuOIH3HTRNICH PeryiITaT, KOeTo € MOCTHKHUMO ¢ IIOMOINTA Ha THCICHO HHTRTPHpAHE.
Hz6opbT Ha KBagpaTypHa popMyJia O MOTHI /1a 3aBHCH OT BHJA HA MOJWHTETpaTHATE (DYHKITHH,
CJIeTOBATeIIHO OT KOHKpeTHATA IIPUJIoKHA 001acT.

JIMTEPATYPA

[1] BenTuean, A. 1975. Kypc Teopun ciydaiiHBIX mpotieccoB. ,, Hayka “‘, Mockaa.

// Wentzell, A. 1975. A course in the theory of random processes. ,, Nauka ““, Moscow.

[2] ®apaoy, C. 1985. YpaBHEHHS ¢ YaCTHBIMHU MIPOM3BOIHBIMH AJISI HAYYHBIX PAOOTHHKOB U WH)KCHEPOB.
,»Mup “, Mockaa.

// Tlpes. ot aurnmuiicku: Farlow, S. 1982. Partial Differential Equations for Scientists and Engineers. ,,John
Wiley & Sons, Inc. "

NH®OPMALIUS 3A ABTOPA
I'n. ac. 1-p Jo6pomup Kpanues: Coduiicku ynusepcurert ,,CB. Knmument Oxpuncku‘, ®MU,;
enekrponHa noma: kralchev@fmi.uni-sofia.bg, dobromir kralchev@abv.bg.

ABOUT THE AUTHOR
Assist. prof. Dobromir Kralchev, PhD: Sofia University ,,St. Kliment Ohridski®, FMI;
e-mail: kralchev(@fmi.uni-sofia.bg, dobromir kralchev@abv.bg.

11



